Asymptotically flat gravitating spinor field solutions. Step 2 - the compatibility of 

Dirac equations in a curve and a flat spaces 
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Using the fact that a spin connection is defined to an accuracy of a vector it is shown that the 
spin connection should be modified in such a manner that Dirac equation in a curve space would 
be compatible with Dirac equation in a flat space. 
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I. DIRAC EQUATION IN A CURVE SPACE 



This note is the continuation of the Ref.[l|. There it was mentioned that at the moment in general relativity 
asymptotically flat solutions for a spinor field are unknown although do exist asymptotically flat solutions for all 
O , known fields: scalar and gauge fields. We continue the investigations in this direction and we will consider Dirac 
equation in a curve space. We will show that a spin connection should be modified by the addition of a vector in 
Sh ' order to obtain correct Dirac equation in a flat space. 
A covariant derivative of a spinor ip is 



= d^J - Trf (1) 
and the covariant derivative of a Dirac conjugated spinor ip is 

= + #V (2) 
where a spinor connection is defined from following equation (here we follow to Ref. Q, section 1.7.2) 

- 7 5 r l7 a + 4r p = o. (3) 

where 7° are Dirac matrixes in a flat (Minkowski) space, 7^ = e=^7 a are Dirac matrixes in a curve space. For the 
definition of tetrad, spin connection and so on we follow to Ref. Q ■ The inverse tetrad e a M satisfies 

I = SI, (4) 

e%e a " = S;. (5) 

where a, b = 0, 1, 2, 3 are Lorentz indices; /i, v are world indices. The metric tensor c/ M „ in a curve space is related to 
the Minkowski metric 77^ through the tetrad 

9uv = e a ^ yTlab- ( 6 ) 

The solution of ([3j> is 

r M = -^ 7 V-^, (?) 

where is a spinor-tensor quantity with one vector index. Substituting ([7]) to gives us the equation for A„ 

- Ta A al a + 4A M = 0. (8) 
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The simplest solution of this equation is: is an arbitrary vector multiple of /. Usually = 0. Here we would 
like to show that A^ should be nonzero that the Dirac equation in a curve space would be consistent with the Dirac 
equation in a flat space. In order to find such solution we rewrite Q in following form 

T e = e e % = -\j2 ^ 5 7 5 / ~M = -\ E - \ E<WV - A- c (9) 

a,b a,b=£c a=ic 

here there is not summation over c. In order to find A E we calculate the term "f c T s 

^ = -7 E ^ £ 7 £ 7 V + J E - E 7^ (10) 



^ / j ~~aoc iii • 2 

C L 



here we calculated 



We choose 



E ^7 w = - E "WV- ( n ) 

c c 

A- a = \Y."m- ( 12 ) 

It is easy to show that (fT2)) is the solution of (J3J). Let us rewrite the term 

E w a5c7 E 7V = E "afcVW (13) 

C C 

Finally we choose the spin connection T M in the form 

f M = -J^E^v - ^%e^ e (1 4 ) 

a.b c^ta 

here T M means that we use the Fock - Ivanenko coefficients ui h i 5 with a ^ b,b ^ c,a ^ c. Consequently one can write 
Dirac equation in a curve space in following form 

j 7 ^V M V - rrnp = i^ (dp -f^ip- = (15) 

or 

i {V^) ^-mtP = itjj (t„ + f 7 M - rrnp = (16) 
for the Dirac conjugated spinor %p, here %p d ^ = d^tp. Usually Dirac equation is written as 

ijW^ = ir (d^ - r M ) V - mV = i 7 M f + J'WW) V - ™V> = 0. (17) 
In order to compare equations (fT5|) and (|17[) we will write Dirac operators T>\ , ©2 for both equations (fl~5|) and (| 1 Tj) 

^ = I *7 M ^ + J E + I E w aV - »" I ^ (18) 

\ a,b,c b^c.c J 

V 2 i> = i 7 "0 M + 1 E "a&^^V " "* ) V (19) 

in Minkowski space for the spherical coordinate system. For the calculations of w s j we use following definitions from 
(section 1.5.4) 

A%„ = \ ( d » e % ~ ^e a J = -A%, (20) 

W a/ 9 7 = — A Q( g 7 + A 7Q( g — A,g 7Q = — Ulpa-y, (21) 

Wa6 M = e a Q e/o; ct( 3 Al = -w^. (22) 
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The spinor ansatz we take in the simplest form 



/ f(r) 



ip = e 



ill 





ig(r) cos 9 
\ ig(r) sin0e^ 

The metric is 

ds 2 = dt 2 - dr 2 - r 2 (d8 2 + sin 
The Dirac matrices for the spherical coordinate system (|24]l are 

a 



7 



7 = 



7 



I (I 

0-10 
-1 

/ cos 9 sinfle-*^ 

sin 6e itp - cos 

-cos6> -sinfle - ^ 

y-aiae^f cos 9 / 

/ -sin 6 cosOe-** 





sin 9 

— cos 9e % 



cos9e lcp 
cos9e~ iip 



\ 



V 

( 



sm ( 









/ 







7 = 



ie 1 * 
ie"^ 
\-ie lv y 

The Fock - Ivanenko coefficients (f2"2"j) are 

^122 = 1, W I33 = Sin 9, W233 = cos( 

For this case 



abc 



0, with a,6 ^ c 
which we will use in (fl8|) . For the first case (|18|) we have 

( 9'{r) + lg(r) + (m + Sl)f(r) \ 



V x ib = e 



ip.t 







i[-/' + (fi-m)s(r)]cos0 
\ i [-/' + (fi - m)#(r)j sm0e^ / 

that is agreed with Dirac equation for an electron in hydrogen atom. But for the second case (|19p we have 

f -[9'(r) + lg(r) + (m + n)f(r)] \ 



(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 
(30) 

(31) 



V 2 ij> = e 



in 



2r 



■9(r) 



\ 



f'{r) + ^ + (to - n)g(r) 
nr) + =g5gPm-(m-fi)g(r) 



sm ( 



(32) 



that obviously is not the necessary equation. 



II. ENERGY - MOMENTUM TENSOR 

According to Ref. Q the energy - momentum tensor for the classical spinor field is 

Af- = J (4>7^ni> - 7^) - to^V 



(33) 
(34) 
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here ar^b^ — (l/2)(a^6„ + a v b^) means the symmctrization. For our goal we change V — > V 



(35) 
(36) 



The calculation of the energy - momentum tensor T a g with the spinor ansatz (|23p and modified spin connection (|14|) 
gives us 



Too = -n[f(r) 2 + g(r) 2 }, 
fn = -\g(r)f(r)-f(r)g'(r)], 

g( r ) 



T 14 — Tii 



T,> 



41 



To; 



- 

f(r)g(r) 



2r 



g{r) sin( 



The current 



is 



J° 
J 3 



j^ 1 = 



/W 2 +3(r) 2 , 
2/(r) 5 (r) 



(37) 
(38) 

(39) 
(40) 



(41) 

(42) 
(43) 



From (|37|) and (j42|) wc sec that there is the energy and charge densities. From (|43|) we see that there is the current 
J 3 along if direction leading to Tj4 component of energy - momentum (f39j) . One can say that Tjj 7^ and J 3 7^ is 
the consequence of a spin distinct from zero. 



III. CONCLUSIONS 



Thus we have shown that the standard definition of the spin connection in a curve space should be modified that the 
Dirac equation in a curve space would have correct limit in going from a curve space to a flat space. The modification 
of the spin connection to lie in the fact that to the standard spin connection is a vector added. So that the modified 
spin connection has Fock - Ivanenko coefficents with unequal indices only. 
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